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Abstract. In the present paper we consider a ferromagnetic thin ﬁlm with exchange interaction between
nearest and next-nearest neighbours. Using a microscopic model based on the Heisenberg Hamiltonian
we investigate how the propagation parallel to the surface of the ﬁlm aﬀects the spin-wave spectrum.
Due to its wave-vector dependence the eﬀective coupling between lattice planes parallel to the surface
can be of ferromagnetic or antiferromagnetic character, or it can vanish completely, depending on the
propagation of spin waves. When the eﬀective coupling vanishes, the ﬁlm separates into subsystems in
which spin waves propagate independently. Antiferromagnetic eﬀective coupling for certain wave vectors
implies reversed mode order in the spectrum (with the optical mode at the bottom and the acoustic one at
the top). Interestingly, this eﬀect occurs also when all the exchange interactions in the considered system
are ferromagnetic.
1 Introduction
The properties of the magnetic thin ﬁlm underlie a number
of eﬀects that occur in systems such as magnetic multi-
layers of thin-ﬁlm magnonic crystals [1–5]. Therefore, for
more than half a century the magnetic thin ﬁlm has re-
mained the subject of keen interest, additionally stimu-
lated by the immense progress in the measurement tech-
niques and fabrication technology of such systems [6–12].
A particular class of phenomena is related to in-plane
propagation of spin waves, i.e. their propagation parallel
to the surface. Propagating surface waves of the Damon-
Eshbach type can exhibit non-reciprocity [13,14], with the
frequency versus wave vector dependence diﬀerent for op-
posite directions of propagation. In the case of purely ex-
change spin waves in-plane propagation leads to surface
localization in ﬁlms with a natural surface [12,15–17] and
to a collapse of the bulk band, an eﬀect in which all the
bulk modes degenerate to a single frequency for certain
wave vectors [18,19].
Taking account of both the short-range and long-
range interactions results in very interesting eﬀects in
a variety of systems, not necessarily magnetic [20–24].
In magnetic systems, the long-range dipolar interaction
causes the complete bandgap to open in magnonic crys-
tals [25–28], generates the vortex conﬁguration in mag-
netic dots [29,30], and is responsible for the splitting of
the spectrum into subbands [31,32] and the occurrence
of negative group velocity [33] in thin ﬁlms. In the fer-
romagnetic thin ﬁlm in the exchange regime, taking into
account the interaction between next-nearest neighbours
(NNN) will result in subsurface localization [34,35].
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In the present paper we focus on the dynamic (prop-
agation) spin-wave eﬀects with NN and NNN exchange
interaction taken into account. Neglecting the dipolar in-
teraction works well in systems with suﬃciently strong
exchange interaction, such as cobalt ultrathin ﬁlms [12],
Fe/Pt multilayers [36], europium monochalcogenide mag-
netic semiconductors [37], or in the case of weakly non-
linear spin waves [38,39]. In the planar model used in the
present study the ﬁlm is divided into a number of layers
representing lattice planes parallel to the surface, which
reduces the problem to that of a one-dimensional ﬁnite
chain with eﬀective coupling between its elements (lat-
tice planes) [40]. In our microscopic model this eﬀective
coupling reﬂects the total inﬂuence of exchange interac-
tions from neighbouring spins taking into account NN and
NNN. The eﬀective coupling can be either ferromagnetic
(FM), in which case it favours excitations with in-phase
precession of the spins in neighbouring planes, or antifer-
romagnetic (AFM), energetically favouring antiphase pre-
cession (if the external ﬁeld saturates the sample, if not the
situation is opposite). By analogy with phonons [41], the
former type of excitation is referred to as acoustic, and
the latter as optical. In the case of phonons the acoustic
mode has a lower energy than the optical mode; the same
pattern is considered the normal order of modes in the
spin-wave spectrum. If the energy of the optical mode is
lower than that of the acoustic mode, the spin-wave spec-
trum has a reversed mode order. Mode order reversal in
the spin-wave spectrum occurs as a consequence of AFM
(exchange or dipolar) interaction between neighbouring
magnetic layers and as such is widely discussed in the
literature [42–48]. Here we demonstrate that in in-plane
propagation the mode order can be reversed even if both
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Fig. 1. Neighbouring lattice planes parallel to the surface for
(a) bcc(100) and (b) bcc(110) thin ﬁlm.
the NN and NNN interactions are ferromagnetic. Another
in-plane propagation eﬀect studied here is the vanishing
of the eﬀective coupling between lattice planes, resulting
in the separation of subsystems within the ﬁlm, with spin
waves propagating independently in each subsystem.
The paper is organized as follows. Section 2 presents
the main assumptions of the adopted model. Sections 3
and 4 discuss the case of the bcc thin ﬁlm to analyse the
inﬂuence of the NNN interaction and the in-plane prop-
agation of spin waves on the eﬀective coupling between
sublayers and consequently on the spin-wave spectrum.
Special attention is paid to two eﬀects, the mode order
reversal and the separation of excitations in independent
subsystems. Major results are summarized in Section 5.
2 Theoretical approach
For the description of the considered thin ﬁlm we use the
planar model. The sample is assumed to be inﬁnite and
homogeneous in the directions parallel to its surface, and
ﬁnite and in general heterogeneous in the direction per-
pendicular to the surface. Along the perpendicular direc-
tion the ﬁlm is divided into a number of lattice planes
parallel to the surface. In such a system there is a spin in
each lattice site; its position is deﬁned by the number l of
the plane in which it is situated (Fig. 1), and the vector j
indicating its position within this plane. A spin can have
neighbors in the same lattice plane (j ∈ l), in neighboring
planes (j ∈ l+1), as well as in further planes (the NN and
NNN distribution in cubic thin ﬁlms is analyzed in detail
in Ref. [49]).
If we assume uniform NN and NNN exchange interac-





̂Slj · ̂Sl′j′ − 2JN
∑
lj;l′j′
̂Slj · ̂Sl′j′ (1)
where J and JN are the NN and NNN exchange integrals,
respectively; the symbols l′j′ refer to the nearest and next-
nearest neighbors, respectively, of the spin lj. An external
magnetic ﬁeld, assumed to be strong enough to saturate
the ﬁlm, is applied to the system in the direction perpen-
dicular to the surface. Under this assumption the Zeeman
energy, shifting the spin-wave spectrum uniformly, can be
omitted in our considerations.
The procedure of diagonalization of the
Hamiltonian (1) involves the Holstein-Primakoﬀ trans-
formation (mapping to boson operators), followed by the
Fourier transformation in the plane of the ﬁlm and the
Bogolyubov-Tyablikov transformation in the direction
perpendicular to it (mapping to the wave-vector space).
The procedure is described in detail in many papers and
books, see, e.g., [40,49,50], thus here we would like to
underline only the consequence of the assumptions the
method is based on: it is valid for low concentration of
the spin waves, which means low temperatures in the
case of thermal magnons, and for samples rather large in
the ﬁlm plane (because of the Fourier expansions in these
directions). The ﬁnal outcome is a band matrix, which
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where ̂H is the L × L matrix, L being the number of
layers forming the thin ﬁlm. Such a matrix describes the
behaviour of a chain with the interaction between its ele-
ments described by the oﬀ-diagonal entries: C refers to the
interaction between nearest elements in the chain, and D
to the interaction between next-nearest ones. Other entries
have following meanings: R represents the on-site energy;
a, d, and b, c are pairs of surface and subsurface param-
eters, respectively (see, e.g., [40] for more details). In the
problem at hand the role of chain elements is played by
lattice planes parallel to the surface; the interaction be-
tween them has an eﬀective character and can depend not
only on the exchange interaction, but also on the surface
cut (NN and NNN distribution) and the in-plane compo-
nent k|| of the wave vector. The diagonal elements of the
matrix describe the on-site energy, i.e. the energy of each
plane. Note that the Zeeman energy, as an on-site energy,
only aﬀects the diagonal entries, shifting the whole spec-
trum of eigenvalues in a uniform way.
The propagation of spin waves in a thin ﬁlm is limited
to the plane parallel to the surface, which is reﬂected in
the dependence of the elements of the Hamiltonian (2)
on the in-plane component of the wave vector. There-
fore we shall only consider the wave-vector dependence
of the spin-wave spectrum in the surface Brillouin zone
(SBZ). For the surface cut bcc(001) the SBZ is a square
with a side length of 2π/a, where a is the lattice con-
stant of the three-dimensional bcc structure. For the sur-
face cut bcc(110) the SBZ has the shape of an irregu-
lar hexagon (Fig. 2a), with the wave vector k|| described
by rather complicated formulas which impacts on the el-
ements of the Hamiltonian. For simpliﬁcation purposes,
following the paper [51], we introduce two variables, ξ1
and ξ2, assumed to range from −0.5 to 0.5 in the SBZ.




























Fig. 2. (a) Surface Brillouin zone and (b) uniform Brillouin zone for the bcc(110) surface cut, with indicated high-symmetry
points and their coordinates speciﬁed in brackets. The bold green line represents the high-symmetry path along which we have
determined the spin-wave spectra presented in Figure 4.
Expressed by these new variables, the SBZ has the shape
of a square regardless of its original geometry, and will be
henceforth referred to as the uniform zone. The problem
of introducing the uniform zone for diﬀerent surface cuts
is discussed in detail in our paper [49]; here we shall only
cite the results related to the considered surface cuts.
Figure 2b presents the uniform zone, with indicated
high-symmetry points, for the bcc(110) surface cut (cf.
Fig. 2a). The coordinates ξ1 and ξ2 of the high-symmetry
points are speciﬁed in brackets. In this case, the one-to-
one correspondence that maps each point in the SBZ to a
point in the uniform zone is reference [49]:











For the bcc(100) surface cut the mapping from the SBZ to
the uniform zone amounts to re-scaling the square sides:




We shall henceforth use the uniform zone (denoted SBZ)
for both considered surface cuts.
3 Dynamic vanishing of the eﬀective coupling
In the bcc(001) surface cut NNs lie in the nearest layer
(l + 1, NL) and NNNs in the next-nearest layer (l + 2,
NNL) [49]. Thus, after reducing the problem to that of a
chain, the NN exchange interaction has an inﬂuence on the
eﬀective coupling between NLs, and the NNN exchange
integral on the eﬀective coupling between NNLs. The oﬀ-
diagonal elements of the Hamiltonian (2) become:
C = −8SJ cosπξ1 cosπξ2,
D = −2SJN , (3)
where ξ1 and ξ2 range from −0.5 to 0.5 within the SBZ.
Note that the eﬀective coupling C (between ﬁrst-neighbor
planes) depends not only on the NN exchange interaction,
but also on the coordinates of the wave vector k||, and con-
sequently changes with spin-wave propagation. By con-
trast, the eﬀective coupling D (between second-neighbor
planes) only depends on the NNN exchange integral.
Case 1: JN = 0 (collapse of the bulk band)
If we neglect the NNN exchange interaction, then, accord-
ing to the formulas (3), the eﬀective coupling between
NNLs vanishes; thus, the eﬀective coupling in the consid-
ered system is limited to ﬁrst-neighbour planes. Moreover,
for wave vectors at the boundary of the SBZ the coupling
C vanishes as well. The matrix (2) becomes a diagonal ma-
trix with eigenvalues R (with the exception of two, which
correspond to surface modes). This indicates complete de-
generation of all the bulk modes. Illustrating this situ-
ation, Figure 3a shows the spin-wave spectrum of a thin
ﬁlm consisting of 11 lattice planes with the NNN exchange
interaction switched oﬀ. Along the X-M segment (bound-
ary of the SBZ) the oﬀ-diagonal element C is zero (green
dotted line) and the whole bulk band is degenerate. It
should be stressed that the vanishing of the eﬀective cou-
pling is a dynamic eﬀect related to in-plane propagation
of spin waves, which for some special wave vectors propa-
gate independently in each lattice plane. (The collapse of
the bulk band is discussed in detail in our paper [19].)
Case 2: JN > 0 (separation of subsystems)
Ferromagnetic NNN exchange interaction implies ferro-
magnetic eﬀective coupling between NNLs regardless of
the spin-wave propagation. By contrast, the eﬀective cou-
pling between NLs does not depend on the NNN exchange,
i.e. remains zero at the boundary of the SBZ, as in the
case without NNN interaction. Thus, for wave vectors at
the boundary of the SBZ only second-neighbour layers
are eﬀectively coupled; there is no coupling between ﬁrst-
neighbour layers. In other words, spin waves propagate
in two independent subsystems, one consisting of lattice
planes with odd numbers and the other of even lattice
planes.
Figure 3b presents the spin-wave spectrum of a thin
ﬁlm consisting of 11 lattice planes with an NNN exchange
integral JN = 0.35J . Indicative of independent propaga-
tion in two subsystems, pairs of nearly degenerate modes
occur along the boundary of the SBZ (X-M segment). The
independence of excitations in even and odd planes is ev-
ident in the proﬁles at the point Y in the SBZ, presented
in Figure 3d. Besides being surface-localized, the lowest
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Fig. 3. (a) and (c) Spin-wave spectrum of an 11-ML bcc(001) thin ﬁlm with three types of NNN exchange interaction:
(a) switched oﬀ, (b) ferromagnetic, and (c) antiferromagnetic. Solid lines represent the energy of individual modes; the shaded
area is the bulk band for in-plane spin waves. Each spectrum is plotted along the high-symmetry path shown in (a), inset.
Green dotted line and blue dashed line represent the oﬀ-diagonal Hamiltonian matrix elements C and D, respectively, plotted
versus the in-plane wave vector. Panels (d) and (e) show mode proﬁles at the point Y of the SBZ for the spectra (b) and (c),
respectively.
two modes have a nonzero amplitude only at odd planes.
Similarly, the n = 3 mode is uniform, but only in the
subsystem consisting of even planes. Obviously, the sep-
aration of these two subsystems within the thin ﬁlm is a
dynamic eﬀect, since it results from the dynamic vanishing
of the eﬀective coupling between NLs.
Case 3: JN < 0 (mode order reversal)
A situation similar to that described above occurs for
AFM NNN exchange interaction; however, in this case the
eﬀective coupling between NNLs is antiferromagnetic. As
we have mentioned above, such coupling favours antiphase
precession. Thus, at the boundary of the SBZ, where the
eﬀective coupling between NLs vanishes, mode order re-
versal should be observed along with the separation of
subsystems. A sample spectrum for JN = −0.35J is pre-
sented in Figure 3c; Figure 3e shows spin-wave proﬁles at
the boundary of the SBZ. Not only is the lowest mode
excited solely in odd planes, but neighbouring amplitudes
of precession have opposite signs. A similar pattern is ob-
served in the n = 3 mode, the lowest mode in the subsys-
tem consisting of even planes. The uniform mode, as in
the previous case excited in the subsystem of even planes,
now has the highest energy (n = 11).
4 Dynamic mode order reversal
In the bcc(110) surface cut the most distant NNs and
NNNs lie in the neighbouring lattice plane [49]. This
means that the oﬀ-diagonal elements D of the matrix (2)
are zero, and the eﬀective coupling is limited to ﬁrst-
neighbour planes in the considered system. The ele-
ment C, describing the eﬀective coupling between ﬁrst-
neighbour planes, becomes in this case:
C = −4S (J cosπξ2 + JN cos (2πξ1 + πξ2)) . (4)
If we neglect the NNN exchange interaction (JN = 0),
an eﬀect similar to that observed for the bcc(001) sur-
face cut will take place, i.e. the bulk band will collapse
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Fig. 4. (a, b) Spin-wave spectrum of a 15-ML thick bcc(110) thin ﬁlm with (a) ferromagnetic and (b) antiferromagnetic NNN
interaction. Solid lines represent the energy of individual modes; the shaded area is the bulk band for in-plane spin waves.
Each spectrum is plotted along the high-symmetry path shown in (b), inset. The green dotted line represents the oﬀ-diagonal
Hamiltonian matrix element C plotted versus the in-plane wave vector. (c) and (f) Proﬁles of the lowest four and highest four
modes in the spectrum at the SBZ points indicated by arrows. Note the reversed mode order for positive values of C: the lowest
mode is optical and the highest one acoustic in this case.
at one of the edges of the SBZ (segment D-Y in Fig. 2).
For JN > 0, or ferromagnetic NNN exchange interaction,
the band collapses at the high-symmetry points D and Y;
between these points C > 0 and the order of modes in the
spectrum is reversed.
Figure 4a shows a sample spin-wave spectrum obtained
for a bcc(110) thin ﬁlm consisting of L = 15 lattice planes
with JN = 0.35J ; Figures 4c and 4d present the spin-
wave proﬁles determined at points X and S, respectively,
in the SBZ. At the X point the spin-wave spectrum has
a normal order of modes: the lowest mode is acoustic and
the highest one optical. By contrast, at the S point the
order of modes is reversed. Interestingly, in contrast to
the case of bcc(001), here the reversal takes place for fer-
romagnetic both NN and NNN exchange interactions. In
the case considered the wave vectors that fulﬁl the condi-
tion C = 0 divide the SBZ into two parts, with normal or
reversed order of modes in the spin-wave spectrum. Fig-
ure 5 presents this division of the SBZ versus the Jn/J
ratio. As indicated by the plot, higher NNN exchange in-
tegral corresponds to larger region of reversed mode order.
Also for antiferromagnetic NNN exchange interaction
the bulk band collapses at the points D and Y in the SBZ,
but this time the collapse is not accompanied by mode or-
der reversal between these points. Figure 4b shows the
corresponding spin-wave spectrum for JN = −0.35J ; Fig-
ures 4e and 4f present spin-wave proﬁles determined at the
X and S points, respectively, in the SBZ. At both points
acoustic modes have the lowest energy and optical modes
the highest; thus, though the spectrum resembles that ob-
tained for FM exchange interaction (cf. Fig. 4a), the order
of modes is not reversed. This is an obvious consequence of
the wave-vector dependence of the oﬀ-diagonal element C:
for antiferromagnetic NNN exchange interaction its value
does not exceed zero for any wave vector in the SBZ.












Fig. 5. Two domains in the bcc(110) uniform surface Brillouin
zone, with normal (N) or reversed (R) mode order in the spin-
wave spectrum, for ferromagnetic NNN interaction. The curve
representing the boundary between the domains moves in the
direction indicated by the arrow with growing JN/J . For the
limit value JN/J = 0 the reversal domain vanishes (its bound-
ary amounts to the D-Y segment).
5 Conclusions
We have analysed the eﬀects related to in-plane propaga-
tion of spin waves in a ferromagnetic thin ﬁlm. By treating
the ﬁlm as a system of lattice planes parallel to the surface
the problem is reduced to that of a one-dimensional chain
with eﬀective interlayer coupling dependent on the model
parameters, such as the exchange integral or the surface
cut. The coupling depends also on the wave vector, which
implies its sensitivity to the propagation of spin waves.
In a special case it can vanish for certain wave vectors,
which means that spin waves with these wave vectors will
propagate independently in each lattice plane. The band
of bulk modes will collapse to a single energy level in this
case.
Also, the eﬀective interlayer coupling has a major in-
ﬂuence on the order of modes in the spin-wave spectrum. If
the eﬀective coupling is ferromagnetic, the acoustic mode,
with in-phase precession of spins in neighbouring planes, is
the lowest in the spectrum, and the optical mode, with an-
tiphase precession in neighbouring planes, is the highest.
When the eﬀective coupling is antiferromagnetic the order
of modes is reversed (under the condition that the exter-
nal ﬁeld saturates the sample, in other case the neighbour-
ing magnetizations are anti-parallel and the lowest mode
is acoustic [52]). In this study we show that AFM inter-
layer coupling can occur as a propagation eﬀect even if
all the exchange interactions in the system are ferromag-
netic. The related mode order reversal in the spin-wave
spectrum should be observable in BLS (Brillouin light
scattering) and SPEELS (spin-polarized electron energy
loss spectroscopy) experiments as a collapse, followed by
a spectrum with a reversed peak intensity pattern with
changing wave-vector length.
Another eﬀect related to in-plane propagation is the
separation of two subsystems within the thin ﬁlm, with
spin waves propagating independently in each subsystem.
This eﬀect occurs in the case of the bcc(001) surface cut
for wave vectors at the boundary of the Brillouin zone.
The eﬀective coupling between ﬁrst-neighbour planes van-
ishes dynamically, whereas the coupling between second-
neighbour planes, being independent of the wave vector,
remains nonzero. This results in independent propagation
of spin waves in two subsystems consisting of either even
or odd lattice planes.
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